Starting from a mean-field description for a dispersion of highly charged spherical or ͑parallel͒ rodlike colloids, we introduce the simplification of a homogeneous background to include the contribution of other polyions to the static field created by a tagged polyion. The charge of this background is self-consistently renormalized to coincide with the polyion effective charge, the latter quantity thereby exhibiting a nontrivial density dependence, which directly enters into the equation of state through a simple analytical expression. The good agreement observed between the pressures calculated using the renormalized jellium and Monte Carlo simulations confirms the relevance of the renormalized jellium model for theoretical and experimental purposes and provides an alternative to the Poisson-Boltzmann cell model since it is free of some of the intrinsic limitations of this approach.
I. INTRODUCTION
In the realm of soft matter, a quantitative description of systems with a nonvanishing density of mesoscopic constituents ͑colloids͒ is a difficult task whenever long range Coulomb interactions are present. 1 It is customary to introduce a suitably defined Wigner-Seitz-type cell to render the situation tractable. This considerable simplification allows for the computation of various thermodynamic quantities ͑see, e.g., Refs. 2-5 for more recent accounts͒. Transport properties may also be derived. 6, 7 Initially borrowed from solid state physics, the concept of a cell nevertheless appears fruitful to describe the phase behavior of liquid phases ͑see, e.g., Ref.
8͒. When a more microscopic information such as effective interaction is sought, there is, however, to date no evidence that the cell picture provides accurate answers, through the approximate procedures that have been proposed to infer solvent and microion averaged intercolloid potentials of interaction. 3 In the present paper, we adopt a more "liquidstate" viewpoint 9 to describe the local and global screening properties of microscopic ions around highly charged rodlike or spherical colloids, taking due account of the finite density of colloids. Our approach bears a strong resemblance with a jellium model put forward by Beresford-Smith et al., 10 with the important difference that the jellium under consideration here is the "renormalized" counterpart of that studied in Ref. 10 . A preliminary account with emphasis on the sedimentation of charged colloids has been published in Ref. 11 and we note that our approach has been recently tested with some success on liposome dispersions.
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The article is organized as follows. The model is defined in Sec. II and illustrated in Sec. III where salt-free suspensions are considered and the numerical procedure exemplified with charged spheres. The cylindrical geometry is also addressed which allows to discuss the fate of the classical Manning-Oosawa condensation phenomenon 15, 16 within the present framework. The effects of an added electrolyte are investigated in Sec. IV and concluding remarks are presented in Sec. V. As will become clear below, our framework provides a procedure to incorporate self-consistently charge renormalization into the classical Donnan equilibrium description of suspensions.
II. THE MODEL
When immersed in a polar solvent, mesoscopic "particles" release small ions in the solution that, together with other microions resulting from the dissociation of an added salt, form an inhomogeneous cloud around each colloid. Within the mean-field approximation to which we restrict here, neglect of microionic correlations allows to relate the local density of microspecies of valency z i at point r to the local electrostatic potential ͑r͒ through n i ͑r͒ ϰ exp͑−z i e␤͑r͒͒, where e is the elementary charge and ␤ −1 = kT is the thermal energy. 1, 17 For any position of the N colloids present, one needs to solve the resulting PoissonBoltzmann equation from which the electric potential follows. This potential may then be inserted into the stress tensor 1 to compute the force acting on the colloids. Such a procedure, which makes explicit use of the separation of time scales between colloids and microions, opens the way towards a complete description of the statics and dynamics of the system, with, e.g., Monte Carlo or molecular dynamics techniques to treat the colloidal degrees of freedom. 18, 19 This treatment is, however, numerically particularly demanding and much insight is gained from further approximations that map the original problem with N colloids onto a one-colloid situation. The cell model is an option, where the finite density of colloids is accounted for by an exclusion region. We propose here an alternative, free of some of the limitations of the cell model, that is equally simple to implement and solve.
A given colloid with bare charge Z bare e, assumed positive, is tagged and fixed at the origin. The suspending medium ͑solvent treated as a dielectric continuum with permittivity ͒ is taken as infinite, with a mean colloidal density . Following Ref. 10 , the colloids around the tagged particle are assumed to form a homogeneous background, with charge density Z back e, so that the electrostatic potential around the tagged colloid fulfills Poisson's equation
͑1͒
where the summation runs over all microspecies and the concentrations n i 0 are determined either from electroneutrality in the no salt case or from the osmotic equilibrium with a salt reservoir in the semi-grand-canonical situation, both addressed here. At large distances ͑r → ϱ͒, the term in brackets on the right hand side of ͑1͒ vanishes which imposes a value ϱ for the potential far from the colloid, that may be called a Donnan potential. The key point in our approach is that unlike in Ref. 10 , Z back Z bare : the background charge is not known a priori but is determined self-consistently as explained below.
To illustrate the methodology, we consider a spherical colloid of radius a. When r → ϱ, we may linearize ͑1͒ around ϱ , which results in a Helmholtz equation indicating that
where the characteristic distance −1 is given by
and l B = ␤e 2 / is the Bjerrum length. For very low bare charges, solution ͑2͒ holds for all distances with Z eff = Z bare , and one can consider that Z back = Z bare . However, typical colloidal charges are such that Z bare l B / a ӷ 1, a regime for which counterions become strongly associated with the colloid and the charge renormalization effects [20] [21] [22] cannot be ignored. The counterion condensation strongly affects the electrostatic far field so that the large distance signature involves an effective charge ͓Z eff in Eq. ͑2͔͒ which significantly differs from the bare one. As a result of nonlinear screening, one has Z eff Ӷ Z bare whenever Z bare l B / a ӷ 1.
At this point, the effective charge arising in ͑2͒ is a function of both the background and the bare charge, other parameters being fixed: Z eff = Z eff ͑Z back , Z bare ͒. As far as a static description is pursued, for sufficiently strongly charged colloids the bare charge is an irrelevant quantity far enough from the tagged colloid, and we demand that Z back coincides with Z eff , which best characterizes the background charge resulting from smearing out the other colloid contributions. We therefore enforce the self-consistency constraint
to compute the a priori unknown background charge. As we shall see below, this condition is readily implemented numerically and for a given Z bare leads to a unique value for Z back = Z eff . This value is density dependent, which is also the case of the inverse screening length . Indeed, ϱ depends on ͑Ref. 23͒ through the electroneutrality condition
which translates into a dependence for . Considering now two colloids in the weak overlap approximation ͑i.e., not too close͒, the effective potential of interaction will take a ͑DLVO͒ Derjaguin, Landau, Verwey, Overbeek form 1,17 with effective parameters and Z eff .
The procedure outlined here incorporates nonlinear screening together with finite effects. It is best suited to describe low density systems since the colloid-colloid pair distribution function g cc is implicitly considered to be unity for all distances. This reduction, which has nontrivial consequences, is certainly of little relevance for high density suspensions for which the cell model is presumably a better approximation.
Before illustrating the method, we briefly consider the pressure in the system, that is given by the densities of microions far from the tagged colloid:
The colloidal contribution is explicitly discarded. 11 This is well justified in the low salt limit, which is a regime of counterion dominance provided that Z bare ӷ 1, which is easily achieved in practice.
III. THE NO SALT LIMIT

A. Spherical colloids
The simplest situation to investigate is that of de-ionized suspensions ͑no salt͒. For simplicity, we consider counterions as monovalent. From ͑1͒ it follows that the dimensionless potential = ␤e obeys the equation
where a is again the radius of the tagged particle from which the dimensionless distance r = r / a is defined and =4a 3 / 3 is the volume fraction. The boundary conditions are
In writing ͑7͒, use has been made of the ͑global͒ electroneutrality constraint n − 0 e exp͑ ϱ ͒ = Z back e with the choice ϱ = 0. For all values of Z back , the far field of is governed by such that
The above system is solved following similar lines as in Ref. 24 . We summarize here the main steps. In practice, Eq. ͑7͒ is solved numerically for a finite system r ͓1,R ͔, where R needs to be large enough ͑that is, aR ӷ 1, but note that is not known initially but follows once the background charge is known͒. ͑a͒ The first and important step is to rephrase the boundary value problem at hand as an initial value problem with boundary conditions Ј͑R ͒ =0 ͑to ensure electroneutrality͒ and varying ͑R ͒. The volume fraction is fixed and the background charge Z back first assigned a guess value, to be modified iteratively ͑see below͒. If ͑R ͒ is small enough, the system then admits a solution. ͑b͒ From this solution, one computes Ј͑r =1͒ to know the corresponding bare charge. ͑c͒ Changing ͑R ͒, 25 the targeted value Ј͑r =1͒ =−Z bare ᐉ B / a is readily found by iteration. ͑d͒ The screening quantity is subsequently computed from ͑10͒ and the effective charge associated with the particular couple ͑Z back , Z bare ͒ is deduced from the large r behavior of ͑e.g., one needs to observe a clear-cut plateau for ͓͑r͒ − ͑R ͔͒e ar r plotted as a function of r in the range 1 Ӷ r Ͻ R ͒. The first iteration ends here, and the procedure is repeated with the Z eff obtained as the next trial value for Z back . Alternatively, one may sample several trial values for Z back and plot Z eff versus Z back . As may be observed in Fig. 1 where such a plot is displayed, the dependence of Z eff on Z back is very mild, which means that convergence towards Z back = Z eff is achieved in a few steps. In the ͑artificial͒ limit where Z back → 0, the problem at hand reduces to an unscreened one ͑governed by Laplace equation͒ with solution = Z bare ᐉ B / r: there is therefore no renormalization of effective charge so that Z eff → Z bare ͑see Fig. 1͒ . The inset shows how the self-consistent background charge is determined, the other points being unphysical.
In the limit of a diverging bare charge, the procedure is well behaved and yields a finite self-consistent effective charge. From the previous discussion, we expect Z eff to diverge at small Z back , which is indeed the case ͑not shown͒.
Once the physical solution to the problem has been located ͑inset of Fig. 1͒ , various quantities such as the pressure may be computed. In the remainder, we will use the terms "effective" and "background" charges to refer to the selfconsistent solution as obtained in Fig. 1 : Z eff = Z back is therefore a function of Z bare and volume fraction ͑possibly also salt concentration, see Sec. IV͒. For a particular density, this function is shown in Fig. 2 . After the initial linear regime, where no renormalization takes place, the effective charge slowly reaches a saturation plateau as Z bare → ϱ. For this specific density ͑ =10 −2 ͒ the effective charge saturates at Z eff ᐉ B / a Ӎ 6.6. The saturation phenomenon observed here is strongly reminiscent of that observed in the classical Poisson-Boltzmann approach ͑either in a cell or in an infinite medium 3, 22, 26 ͒. To assess quantitatively the possible difference with the results obtained within the cell model, we compare in Fig. 3 Z eff derived in the cell 3, 24 to its renormalized jellium counterpart. Both charges differ by a notable amount for Ͼ 10 −3 while the agreement at very low density is meaningless and follows from a divergence of the saturation effective charge in both models: nonlinear effects disappear when → 0, so that Z eff → Z bare . This is a peculiarity of systems with colloidal spheres and counterions only, and it turns out that the behavior of charged cylinders is quite different, see below.
Under the de-ionized conditions studied here, the pressure takes the simple form ␤P = Z eff , whereas the corresponding expression in the cell model is less explicit and does not directly involve the effective charge. Remarkably, although there is a significant difference between the effective charges calculated within the Poisson-Boltzmann cell ͑PBC͒ model and the renormalized jellium, the pressures calculated using the two models are identical for Ͻ 0.1, see Fig. 4 . A similar agreement is found at saturation. 11 We add here that a comparison between the renormalized jellium equation of state and the "exact" results of the primitive model obtained using the Monte Carlo computations has been reported in Ref. 11, with excellent agreement ͑the corresponding density range is quite low such that PBC and renormalized jellium predictions agree͒.
Before concluding this section, we emphasize that one must carefully check that the results obtained do not depend on the particular value chosen for the cutoff R , e.g., by repeating the analysis with an increased cutoff.
B. Cylindrical colloids
Consider a nematic phase of parallel infinite rods ͑L → ϱ͒ with bare line charge density bare ͑therefore no positional order in the plane perpendicular to the main axis͒. We may repeat the previous approach, tagging a given rod of radius a and modeling the effects of the other rods by a homogeneous background, with line charge back . While the definition of is unaffected compared to the spherical case, the far-field potential now takes the form
where K 0 ͑K 1 ͒ denotes the zeroth ͑first͒ order modified Bessel function of the second kind. In the spirit of the consistency requirement of Sec. II, we impose back = eff where again eff follows from the large distance behavior of the solution to Poisson's equation with background charge back :
Here the volume fraction is = a 2 n 2D where n 2D is the mean surface density of rods ͑in the plane perpendicular to their axis͒. The boundary conditions are the same as ͑8͒ and ͑9͒ and the numerical method identical to that used in the spherical case.
The effective charges calculated using the cell and the renormalized jellium models are compared in Fig. 5 for bare ᐉ B = 1. The inset corresponds to the saturation regime where bare is very large ͑ bare → ϱ͒. We observe a substantial disagreement between the two effective charges. On the other hand, in the small bare charge regime where nonlinear effects are not at work, both quantities coincide ͑not shown͒, which is a signature of whenever nonlinear effects come into play ͑i.e., outside the small bare charge linear regime, which is the case for both figures͒. Beyond these differences, Manning-Oosawa condensation, 15, 16 which is a key feature of two-dimensional ͑2D͒ electrostatics, is shared by both PBC and renormalized jellium models. As the colloid density is decreased ͑ → 0 + ͒, the effective charge becomes independent of the bare one, provided bare exceeds the critical threshold 1 / ᐉ B . This feature is illustrated in Fig. 6 . At the saturation plateau and again for → 0 + , one has eff ᐉ B Ӎ 0.47, a value that will be refined below.
To be more quantitative, it is furthermore natural to compare the corresponding functional forms of effective charges versus bare ones, and versus density in both PBC ͑where it can be computed analytically͒ and renormalized jellium models, where this information is accessed numerically. To this end, we reconsider the analytical results obtained in 
A + B
͑C − log ͒
. ͑15͒
The values of A, B, and C can be obtained using a numerical fit. We find that in the saturation limit A Ӎ 0.471, B Ӎ 16.87, and C Ӎ 0.843 give an excellent agreement with the numerical data. We have also checked that an equally good agreement is found at lower bare charges, such as bare ᐉ B = 4, but with different values of A, B, and C. We conclude here that both models are described by the same limiting law for low densities, at least beyond the condensation threshold. It is of interest to resolve the condensate structure once the counterion condensation has set in. A useful measure of the condensate thickness is provided by the so-called Manning radius R M ͑Ref. 27͒ that has been recently worked out in the infinite dilution limit and for low salt content: 16, 28 in practice, the integrated charge per unit length q͑r͒ around a rod has an inflection point at r = R M when plotted as a function of log r. This is exactly the point where q͑R M ͒ᐉ B / e =1. We expect a similar behavior for the renormalized jellium, given that in the vicinity of highly charged rods, the ͑largely dominant͒ counterion distribution should not be sensitive to the difference between a uniform background as in the renormalized jellium model and coions as in the situation worked out in Ref. 16 . The lower inset of Fig. 7 shows that this is indeed the case. In addition, from the analytical expressions derived in Ref. 16 and the fact that the relevant screening parameter reads here as ͑a͒ 2 =4 eff ᐉ B , we expect the scaling R M ϰ ͑a͒ 1/2 ; more precisely
ͪ .
͑16͒
The dependence of R M on both density and bare charge embodied in Eq. ͑16͒ is fully supported by the numerical data, see Fig. 7 .
Finally, and much like for spherical colloids, there is a good agreement between the osmotic pressure calculated us- 
IV. EFFECTS OF ADDED SALT
In this section, we consider systems dialyzed against an electrolyte reservoir with the monovalent salt concentration c s . The corresponding screening parameter is res 2 =8ᐉ B c s . It is convenient to choose the reference potential so that microionic densities are n ± ͑r͒ = c s exp͓ϯ͑r͔͒, where the counterions are assumed to be monovalent. Using Eq. ͑5͒, the potential at infinity becomes
͑17͒
It is important to keep in mind that n ± ͑r͒ are not the physical microion densities but are the effective ͑renormal-ized͒ quantities satisfying
͑18͒
Since the renormalization does not affect coions, their concentration inside the jellium with one colloid fixed at r =0 is
where it is understood that V denotes the measure of a large volume centered at r = 0. The concentration of counterions, C − , then follows from the overall charge neutrality inside suspension,
Far from the colloid, n + ͑r͒ saturates at the bulk value ñ + , so that in the thermodynamic limit ͑V → ϱ͒
which means that
͑22͒
The charge neutrality allows us to rewrite Eq. ͑22͒ as
͑23͒
Equation ͑23͒ provides a suggestive interpretation of n − ͑r͒ as the local density of free ͑uncondensed͒ counterions. Far from the colloid, n − ͑r͒ saturates at its bulk value ñ − , and in the thermodynamic limit Eq. ͑23͒ reduces to
Equations ͑20͒ and ͑24͒ allow us to calculate the ionic content inside a suspension dialyzed against a salt reservoir. This is particularly useful when comparing the results of the renormalized jellium model, which is grand canonical in electrolyte, with the Monte Carlo simulations, which are usually performed in a canonical ensemble. Knowledge of the asymptotic potential allows us to obtain the concentrations of coions and free counterions inside the suspension,
These are precisely the densities that govern screening within the renormalized jellium, 2 =4ᐉ B ͑ñ + + ñ − ͒. 
A. Spherical colloids
In spherical geometry, Poisson equation ͑1͒ now takes the form
We again solve it numerically as a boundary value problem in a ͑large enough͒ finite cell with vanishing Ј at the boundary, increasing gradually the boundary potential from the value
which corresponds to a vanishing bare charge. Linearizing Eq. ͑26͒ around ϱ , it can be seen that at large distances the potential takes the form of Eq. ͑2͒, with a screening constant given by
͑28͒
For highly charged colloids and typical salt conditions, the corresponding density dependence is shown in Fig. 9 , while the effective charge ͑deduced from the condition Z eff = Z back ͒ is displayed in Fig. 10 . When → 0, both quantities coincide with the infinite dilution limit of the traditional PB theory, as they should. The increase of with the density of colloids reflects the increasing importance of counterion screening. The effective charge shows a nonmonotonous behavior with respect to density. To compute the osmotic pressure, we subtract the reservoir pressure ͑2c s kT͒ from expression ͑6͒. Moreover, it should be remembered that such a relation only provides the ionic contribution to the pressure. In the presence of salt and at low colloidal density this contribution becomes smaller than the colloidal one. The vanishing of the microion contribution to pressure is exponential in the cell model, while it is algebraic for the jellium. Both models should then strongly disagree in the low density limit. To mimic the colloidal contribution, we add the ideal gas term kT to ͑6͒, so that the resulting osmotic pressure reads
In the no salt case, addition of the ideal term is irrelevant since it is always much smaller than the microionic one, provided that Z eff is large enough ͑this is the case for highly or even weakly charged colloids since a ӷ ᐉ B ͒. Moreover, addition of the ideal gas term breaks the scaling form valid in the no salt case where a 2 ᐉ B ␤P only depends on and reduced charge Z bare ᐉ B / a. We therefore show the osmotic pressure in Fig. 11 for two values of colloid radius, within both the PBC and renormalized jellium frameworks. Apart from the expected deviations at small densities, one observes compatible values at higher .
There exist relatively little simulational data for the primitive model with salt, where the bare Coulomb interactions between all charged species-colloids and microionsare taken into account ͑with still an implicit solvent͒. A reference equation of state with salt is provided in Ref. 32 , with the simplification of a Wigner-Seitz cell but explicit microions. The simulations were performed in canonical ensemble with fixed salt content. The amount of added salt is characterized by a ratio of the overall added cation charge to the overall macroion charge, ␤ L = C + / ͑Z bare ͒. We compute the densities C ± corresponding to a given salt content as discussed in Sec. IV. In Fig. 12 the osmotic pressure ␤P / t is plotted as a function of ␤ L , where t is the total density of ionic species. As in the case of salt-free suspensions the pressures calculated using the PBC and the renormalized jellium are in good agreement.
B. Rodlike colloids
For completeness, we briefly report here results for cylindrical geometry. Unlike the salt-free case where eff is a monotonic function of density, a minimum appears in the renormalized jellium curve shown in Fig. 13 . The agreement between PBC and renormalized jellium at low signals the region where the system is salt dominated ͑the colloid density is too low and, consequently, counterions do not participate in the screening͒. Conversely, the inset indicates the density range where counterions do dominate: for Ͼ 10 −1 , the results become independent of the reservoir ionic strength and coincide with those obtained in the no salt limit.
Finally, the pressure ͓Eq. ͑29͔͒ for cylindrical colloids is given by
͑30͒
Note that for infinite polyions ͑L → ϱ͒, the first term on the right hand side of Eq. ͑30͒ vanishes. In Fig. 14 we plot the equation of state for polyions of bare ᐉ B = 2. One should note a strong disagreement between the equations of state obtained using the renormalized jellium model and the PBC theory. In the case of cylindrical polyions the disagreement is exacerbated by the fact that the ideal gas contribution to the equation of state, Eq. ͑30͒, vanishes in the limit of L → ϱ considered in this work. For small , the behavior predicted by the renormalized jellium model is more realistic than that of the PBC.
V. CONCLUSION
Starting from a mean-field description in which a dispersion of N spherical or rodlike polyions is treated using an N-body Poisson-Boltzmann theory, 29 we have introduced the simplification of a homogeneous background to include the contribution of other colloids to the static field created by a tagged colloid. The charge of this background is consistently renormalized to coincide with the effective charge governing the far-field potential. This results in a nontrivial density de- pendence of the effective colloidal charge, which directly enters into the equation of state through a simple analytical expression. The good agreement observed between the pressure calculated using the renormalized jellium and the Monte Carlo simulations confirms the relevance of the renormalized jellium model for theoretical and experimental purposes and provides an alternative to the Poisson-Boltzmann cell approach. Furthermore, we note that the effective charge calculated using the renormalized jellium model should be more relevant for the study of the effective interaction between the colloids than its Poisson-Boltzmann cell ͑PBC͒ counterpart. This is particularly the case since at finite colloidal density, the DLVO potential arises naturally within the jellium formalism, while it has to be introduced extraneously within the PBC. In this work, we have left untouched the question whether the pair potential calculated using jellium is a potential of mean force or an effective pair potential ͑following the terminology of Ref. 1͒. Further work is required to answer this question.
In a cylindrical geometry, the present approach implicitly subsumes an alignment between infinite rods-which is also a prerequisite for the analysis of Ref. 2-but contrary to the crystalline structure underlying the introduction of the cell model, we consider here systems with no positional order for the rods. As for spherical colloids the pressure in both approaches is in good agreement up to relatively high densities, whereas the effective charges differ significantly. We have also shown that the scenario for counterion condensation is similar to the cell picture.
Our approach, which is best suited to describe systems with low macroion densities, may be easily extended to the case of asymmetric electrolytes. One interesting aspect of the renormalized jellium is that the description of colloidal mixtures ͑macroions with different sizes and charges͒ appears to be as straightforward as for the monodisperse systems reported here. This is an important difference with the cell approach, which cannot be easily extended to such systems.
Among the possible refinements, it is possible to consider an inhomogeneous jellium with, again, renormalized charge. This should allow to extend the relevant range of densities where the model holds. Another interesting extension deals with the derivation of electrokinetic properties. Work along these lines is in progress.
given R , there indeed exists a critical threshold 
